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ABSTRACT 
Many applications of electromagnetic scattering involve particles immersed in an absorbing rather than lossless 
medium, thereby making the conventional scattering theory potentially inapplicable. To analyze this issue 
quantitatively, we employ the FORTRAN program developed recently on the basis of the first-principles 
electromagnetic theory to study far-field scattering by spherical particles embedded in an absorbing infinite host 
medium. We further examine the phenomenon of negative extinction identified recently for monodisperse spheres 
and uncover additional evidence in favor of its interference origin. We identify the main effects of increasing the 
width of the size distribution on the ensemble-averaged extinction efficiency factor and show that negative 
extinction can be eradicated by averaging over a very narrow size distribution. We also analyze, for the first time, 
the effects of absorption inside the host medium and ensemble averaging on the phase function and other elements 
of the Stokes scattering matrix. It is shown in particular that increasing absorption significantly suppresses the 
interference structure and can result in a dramatic expansion of the areas of positive polarization. Furthermore, the 
phase functions computed for larger effective size parameters can develop a very deep minimum at side-scattering 
angles bracketed by a strong diffraction peak in the forward direction and a pronounced backscattering maximum.       
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1. Introduction 
Many natural as well as artificial environments 
feature discrete scattering particles embedded in an 
absorbing rather than lossless host, which can make 
traditional theoretical treatments of electromagnetic 
scattering [1,2] potentially inapplicable [3–21]. 
Important geophysical examples of lossy host media 
are ice and water bodies at infrared wavelengths as 
well as strongly absorbing gaseous atmospheres, while 
the range of examples of artificial absorbing hosts is 
virtually unlimited.  
The recent computer implementation [22] of a 
first-principles electromagnetic scattering theory [23] 
has made possible a systematic quantitative study of 
relevant far-field single-scattering optical observables 
for homogeneous spherical particles immersed in an 
absorbing unbounded medium. The focus of a 
subsequent initial numerical analysis [24] was on the 
extinction efficiency factor  
ext
ext 2
CQ
Rp=                                                                  (1) 
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of a monodisperse sphere, where R is the radius of the 
particle and extC  is its extinction cross section. 
Specifically, it was examined how extQ  depends on the 
particle size parameter 
2 Rx pl=                                                                    (2) 
and the complex refractive indices of the particle, 
2 2 2i ,m m m¢ ¢¢= +  and the host medium, 
1 1 1i ,m m m¢ ¢¢= +  where, l  is the vacuum wavelength 
and .)1(i 21−=  It has been demonstrated that if 
2 0m¢¢ =  then the suppressing effect of increasing 1m¢¢  
on the ripple structure of extQ  as a function of x is 
analogous to the well-known effect of increasing 2m¢¢  
of a particle embedded in a nonabsorbing host 
1( 0).m¢¢=  However, the effect of increasing 1m¢¢  on 
the interference structure of the extinction efficiency 
curves is dramatically different from that of increasing 
2 ,m¢¢  so that sufficiently large absorption inside the host 
medium can cause negative values of extQ  for a 
particle made of a lossless material. The simple 
physical explanation of the phenomenon of negative 
extinction suggested in Ref. [24] is consistent with the 
interpretation of the interference structure as being the 
result of interference of the electromagnetic fields 
directly transmitted and diffracted by the particle 
[1,25,26].  
This paper is a natural outgrowth of Ref. [24] and 
has three primary objectives. The first one is to further 
analyze the phenomenon of negative extinction and 
look for additional evidence in favor of its interference 
origin. The second objective stems from the fact that in 
typical practical applications one has to deal with 
ensembles of particles distributed over sizes. 
Therefore, we will compare extinction efficiency 
curves computed for polydisperse spheres with those of 
monodisperse particles and identify the main effects of 
increasing the width of the size distribution on the 
ensemble-averaged ext .Q  The third objective is to 
study the effects of absorption inside the host medium 
as well as ensemble averaging on such key far-field 
optical observables as the phase function and other 
elements of the Stokes scattering matrix.       
2. Negative extinction  
The remarkable phenomenon of negative 
extinction identified in Ref. [24] is illustrated by Fig. 1 
depicting the extinction efficiency factor extQ  for an 
isolated spherical particle as a function of the particle 
size parameter x. It is seen that all five thin black 
curves are dominated by quasi-regular oscillations 
forming the so-called interference structure [1]. When 
the host medium is nonabsorbing 1( 0),m¢¢=  the 
amplitude of these oscillations decreases with 
increasing x, causing extQ  to approach its asymptotic 
value 2. This behavior is called the extinction paradox 
[1,27,28]. If, however, 1m¢¢  exceeds a certain threshold, 
the amplitude of the oscillations increases rather than 
decreases with increasing x, ultimately causing 
negative values of the extinction efficiency factor. Note 
that this frequency-domain phenomenon is 
fundamentally different from negative extinction 
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Fig. 1. Thin black curves: the monodisperse extinction
efficiency factor versus the size parameter for
1 1.33m¢ =  and 2 2.m =  The five extinction curves
are labeled by the respective values of 1.m¢¢  The vertical
scale applies to the curve for 1 0,m¢¢=  the other curves
being successively displaced upward by 2. The thick
gray curve shows the result of using Eq. (3). The
results are displayed with a size-parameter step size of
Δ 0.1.x =  
potentially exhibited by active particles [29–32] or by 
transient electromagnetic scattering [33]. 
 The qualitative explanation of negative extinction 
suggested in Ref. [24] is based on the premise that if 
there were no differential attenuation between the 
electromagnetic fields “directly transmitted” and 
“diffracted” by the particle then the interference 
structure of extQ  would largely be similar to that 
exhibited by the 1m¢¢  = 0 extinction curve. If, however, 
the host medium is absorbing and 2m¢¢  = 0 then the 
directly transmitted field is no longer subject to the 
exponential  attenuation over the path length given by 
the particle diameter. This causes an exponentially 
growing amplitude of the interference oscillations with 
increasing x.  
This simple qualitative explanation is corroborated 
by the thick gray curve in Fig. 1 showing the result of 
replacing extQ  computed for 1m¢¢  = 0.07 by  
ext ext( 2)exp( 2 ) 2.Q Q k R¢ ¢¢= - - +                           (3) 
where 1 2 .k mp l¢¢ ¢¢=   It is seen indeed that this curve 
replicates closely the thin black curve computed for 
1m¢¢  = 0, which is in agreement with analogous results 
of Ref. [24]. 
To further corroborate the interference origin of 
negative extinction, we have performed additional 
computations of the extinction efficiency factor for 
scenarios wherein both 1m¢¢  and 2m¢¢  are non-zero and 
are equal to each other. The results of these 
computations are summarized in Figs. 2 and 3.  The 
combination of 1 1.33m¢ =  and 2 1m¢ =  in Fig. 2 can be 
thought of as representing an air bubble in water or 
water ice, while the combination of 1 1m¢ =  and 
2 1.4m¢ =  in Fig. 3 can represent a liquid or solid 
particle suspended in an absorbing gas.  
It is clearly seen that irrespective of the degree of 
absorption in the host medium and in the particle, extQ  
is always positive. The only obvious effect of 
increasing absorption is to weaken and ultimately 
eradicate the fine ripple structure in Fig. 3, while the 
degree of similarity of the curves in Fig. 2 is quite 
remarkable. Consistent with the explanation in Ref. 
[24], the ripple structure consisting of quasi-randomly 
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Fig. 2. The monodisperse extinction efficiency factor
versus the size parameter for 1 1.33m¢ =  and 2 1.m¢ =
The curves are labeled by the corresponding values of
1 2.m m¢¢ ¢¢=  The vertical scale applies to the curve for
1 2m m¢¢ ¢¢= = 0, the other curves being successively
displaced upward by 2. The results are displayed with
a size-parameter step size of Δ 0.01.x =  
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Fig. 3. The monodisperse extinction efficiency factor
versus the size parameter for 1 1m¢ =  and 2 1.4.m¢ =
The curves are labeled by the value of 1 2.m m¢¢ ¢¢=  The
vertical scale applies to the curve for 1 2m m¢¢ ¢¢= = 0, the
other curves being successively displaced upward by
2. The results are displayed with a size-parameter step
size of .01.0Δ =x  
positioned sharp morphology-dependent resonances 
(MRDs) is completely absent in Fig. 2 even when 
1 2 0m m¢¢ ¢¢= =  because total internal reflection is 
impossible if 2 1 1m m < .  
Thus the results depicted in Figs. 2 and 3 
substantiate quite convincingly the main premise of the 
interference explanation of the phenomenon of 
negative absorption according to which negative extQ  
values are caused by a sufficiently strong differential 
attenuation between the fields transmitted and 
diffracted by the particle [24].      
3.  Effects of polydispersion  
In the majority of practical applications, scattering 
particles are polydisperse rather than have exactly the 
same size. Therefore, the quasi-regular oscillatory 
behavior of the interference structure computed for 
monodisperse particles makes it interesting to analyze 
whether the phenomenon of negative extinction can 
survive averaging over an increasingly wide size 
distribution. To this end, we average the extinction 
cross section extC  over the conventional gamma 
distribution of particle radii given by [34,35] 
(1 3 )( ) constant exp ,    (0,  0.5),b b Rn R R b
ab
- æ ö÷ç= ´ - Î÷ç ÷çè ø  
                                                                                    (4) 
where the constant is chosen such that the size 
distribution satisfies the standard normalization  
0
d ( ) 1.R n R
¥ =ò                                                         (5) 
Two canonical characteristics of the size distribution 
[34,35] are the effective radius effr  and effective 
variance effv  defined, respectively, by  
2
eff 0
1 d ( )
R
r R n R R R
G
p¥= á ñ ò                                   (6) 
and 
2 2
eff eff2 0eff
1 d ( )( ) ,
R
v R n R R r R b
G r
p¥= - ºá ñ ò           (7) 
where 
2
0
d ( )RG R n R Rp
¥á ñ = ò                                             (8) 
is the average area of the geometric projection per 
particle. According to Eq. (6), effr  is the projected-
area-weighted mean radius, whereas the dimensionless 
effective variance can be thought of as defining a 
relative measure of the width of the size distribution. 
The distribution with 0eff =v  corresponds to 
monodisperse particles. The polydisperse extinction 
efficiency factor is now defined according to 
ext
ext ext
0
1 d ( ) ( ).R
R R
CQ R n R C R
G G
¥á ñ= =á ñ á ñ ò                 (9) 
To maximally reveal the effect of ensemble 
averaging on negative extinction, the results depicted 
in Figs. 4 and 5 are computed by assuming that the 
particle material is lossless. In this case the ensemble-
averaged extinction efficiency factor (9) is plotted as a 
function of the effective size parameter defined by 
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Fig. 4. The polydisperse extinction efficiency factor
versus the effective size parameter for 1 1.33,m¢ =
2 1,m¢ =  and 1m¢¢ = 0, 0.02, and 0.05. Each set of three
extinction curves is labeled by the corresponding value
of  eff .v  The vertical scale applies to the curve for effv =
0, the other curves being successively displaced
upward by 2.  The results are displayed with a size-
parameter step size of effΔ 0.01.x =  
eff
eff
2 .rx pl=                                                           (10) 
Owing to the absence of total internal reflection, all 
curves in Fig. 4 are devoid of MDRs, whereas the 
bottom black curve in Fig. 5 exhibits a pronounced 
ripple structure. Given the (exceedingly) small widths 
of the MDRs, it is not surprising that as small an 
effective variance as effv  = 0.01 serves to completely 
eradicate the fine ripple structure in Fig. 5 even when 
the host medium is nonabsorbing. What is quite 
surprising, however, is that the same extremely small 
width of the size distribution completely suppresses the 
phenomenon of negative extinction in both Figs. 4 and 
5. Furthermore, as the effective variance increases, all 
interference oscillations subside and ultimately 
disappear. Even though the first interference maximum 
is still visible in the upper extinction curves computed 
for effv  = 0.15, the right-hand part of each curve 
exhibits a smooth trend toward the canonical 
asymptotic value extQ  = 2 consistent with the 
prediction of the extinction paradox [1,27,28]. 
We must therefore conclude that although negative 
extinction is undoubtedly a real physical phenomenon, 
observing it in practice may be highly nontrivial and 
necessitates a special laboratory setting involving a 
single particle or a small sparse group of nearly 
monodisperse particles. 
As explained in Ref. [22], the computation of size-
averaged quantities for given effr  and effv  involves a 
quadrature summation of the results obtained for a 
(very) large number of discrete radii distributed from 
essentially zero to several times the effective radius. In 
the process of these computations, we have detected 
unexpected overflows occurring for sufficiently large 
1m¢¢  and .effx  We have been able to trace the origin of 
these overflows to the computation of the Lorenz–Mie 
coefficients, as follows.  
According to Eqs. (37) and (38) of Ref. [22], the 
denominators of the formulas for na  and nb  contain 
the Hankel function of the first kind, 
(1)
1 1 1( ) ( ) i ( ),n n nh m x j m x y m x= +                              (11) 
and its derivative  
(1)
(1) 1 1
1 1
1
d[ ( )][ ( )] ,
d( )
n
n
m xh m xm xh m x
m x
¢ =                         (12) 
where )( 1xmjn  is the spherical Bessel function of the 
first kind and )( 1xmyn  is the spherical Bessel function 
of the second kind. In the case of a nonabsorbing host 
medium, both )( 1xmjn  and )( 1xmyn  are real-valued, 
and hence neither )( 1)1( xmhn  nor (1)1 1[ ( )]nm xh m x ¢  
vanishes. In the case of an absorbing host, both 
)( 1xmjn  and )( 1xmyn  are complex-valued. As a 
consequence, if  
)(i)( 11 xmjxmy nn =                                                 (13) 
and 
1 1 1 1[ ( )] i[ ( )]n nm xy m x m xj m x¢ ¢=                               (14) 
to a very high numerical accuracy then both na  and nb  
can vanish. 
We have noticed that in many cases of large 1m¢¢  
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Fig. 5. The polydisperse extinction efficiency factor
versus the effective size parameter for 1 1,m¢ =
2 1.4,m¢ =  and 1m¢¢ = 0, 0.02, and 0.05. Each set of
three extinction curves is labeled by the corresponding
value of .effv  The vertical scale applies to the curve
for eff 0,v =  the other curves being successively
displaced upward by 2.  The results are displayed with
a size-parameter step size of effΔ 0.01.x =  
and x and certain n, the equalities (13) and (14) can 
hold despite the use of double-precision FORTRAN 
arithmetic, thereby leading to overflows. Yet it remains 
unclear whether the equalities (13) and (14) can hold in 
the strict mathematical sense or whether the use of 
extended-precision arithmetic can resolve this overflow 
issue in the numerical sense. Further analysis is 
obviously warranted. 
4.  Stokes scattering matrix   
Another optical characteristic of great practical 
Fig. 6. Horizontal rows: ratios of select elements of the Stokes scattering matrix to the (1,1) element (in %)
computed for 1 1.33,m¢ =  2 1,m¢ =  and 1m¢¢ = 0, 0.02, and 0.05. The vertical columns are labeled by the respective
values of 1.m¢¢  The top row corresponds to 0eff =v  and is plotted with scattering-angle and size-parameter 
resolutions Δ 0.1Q =   and ,1.0Δ =x  respectively. The three bottom rows correspond to 15.0eff =v  and are 
plotted with scattering-angle and effective-size-parameter resolutions Δ 2Q=   and ,5.0Δ eff =x  respectively.  
importance is the dimensionless so-called normalized 
Stokes scattering matrix describing the far-field 
transformation of the Stokes column vector of the 
incident plane wave into that of the scattered outgoing 
spherical wave provided that both columns are defined 
with respect to the scattering plane [22,35]. This matrix 
is  given by 
1 1
1 1
3 2
2 3
( ) ( ) 0 0
( ) ( ) 0 0
( ) ,
0 0 ( ) ( )
0 0 ( ) ( )
a b
b a
a b
b a
F
Q Q
Q QQ Q Q
Q Q
é ùê úê úê ú= ê úê úê ú-ë û
           (15) 
where [0,2 ]Q pÎ  is the scattering angle (i.e., the 
angle between the incidence and scattering directions). 
In the case of unpolarized incident light, the element 
1( ),a Q  called the phase function, describes the angular 
distribution of the scattered intensity, while the ratio 
1 1( ) ( )b aQ Q-  specifies the corresponding degree of 
linear polarization. The phase function is normalized 
according to 
1
0
1 d  sin ( ) 1.
2
a
p Q Q Q =ò                                          (16) 
In general, 
),0()0( 13 aa =                                                           (17) 
),180()180( 13 °−=° aa                                              (18) 
Fig. 7. Horizontal rows: ratios of select elements of the Stokes scattering matrix to the (1,1) element (in %)
computed for ,15.0eff =v  1 1,m¢ =  2 1.4,m¢ =  and 1m¢¢ = 0, 0.02, and 0.05. The vertical columns are labeled by the
respective values of 1.m¢¢  The results are displayed with scattering-angle and effective-size-parameter resolutions 
Δ 2Q=   and ,5.0Δ eff =x  respectively.  
and  
.0)180()180()0()0( 2121 =°=°== bbbb               (19) 
The upper left panel of Fig. 6 is plotted for the pair 
}1,33.1{ 21 == mm  with high scattering-angle and 
size-parameter resolutions. It shows that in the case of 
monodisperse particles, adding the scattering angle as 
an independent variable parameter results in a very 
complex two-dimensional interference structure, with 
nearly –100% to nearly +100% polarization swings 
often occurring over extremely narrow scattering-angle 
and  size-parameter intervals. Growing absorption in 
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Fig. 8. The phase functions plotted for 1 1.33,m¢ =  2 1,m¢ =  and 1m¢¢ = 0, 0.001, 0.02, and 0.05 with scattering-angle 
and effective-size-parameter resolutions Δ 2Q=   and ,5.0Δ eff =x  respectively. 
the host medium serves to increasingly suppress this 
structure. Averaging over the moderately wide gamma 
distribution of particle radii with an effective variance 
of 15.0eff =v  (the second row of panels) eliminates 
the interference structure completely, thereby making 
the ratio 1 1( ) ( )b aQ Q-   a rather smooth function of 
the scattering angle and effective size parameter. The 
same applies to the other two ratios of the scattering-
matrix elements plotted in the bottom two rows of 
panels. In particular, increasing 1m¢¢  serves to expand 
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Fig. 9. The phase functions plotted for 1 1,m¢ =  2 1.4,m¢ =  and 1m¢¢ = 0, 0.001, 0.02, and 0.05 with scattering-angle 
and effective-size-parameter resolutions Δ 2Q=   and ,5.0Δ eff =x  respectively. 
the domain of near-neutral values of the size-averaged 
ratio 2 1( ) ( ).b aQ Q  In the limit ,0eff →x  all diagrams 
exhibit the typical features of Rayleigh scattering: the 
degree of linear polarization is symmetric with respect 
to 90Q=   and tends to 100% at 90 ,Q=   the ratio 
3 1( ) ( )a aQ Q  becomes antisymmetric with respect to 
90 ,Q=   and the ratio 2 1( ) ( )b aQ Q  vanishes. 
   Analogous plots for the pair 1 2{ 1, 1.4}m m¢ ¢= =  
(Fig. 7) exhibit a much more pronounced effect of 
increasing absorption in the host medium. In particular, 
the areas of positive polarization expand dramatically 
(the top row of panels); the areas of negative values of 
the ratio 3 1( ) ( )a aQ Q  at side- and backscattering 
angles expand to encompass almost the entire 
backscattering hemisphere (the middle row of panels); 
and the ratio 2 1( ) ( )b aQ Q  becomes substantially more 
neutral (the bottom row of panels).  
Figures 8 and 9 parallel Figs. 6 and 7, respectively, 
and depict the corresponding phase functions. It is seen 
that the phase functions for 1m¢¢  = 0 and 0.001 are 
virtually indistinguishable and that the limit 0eff →x  
of Rayleigh scattering remains immune to increasing 
1.m¢¢  As the effective size parameter increases, the 
phase functions in the upper two panels of Fig. 8 
develop a nearly horizontal “shelf” at scattering angles 
around 45 .Q»   As explained on page 264 of Ref. 
[35], this feature has a geometric-optics origin and is 
typical of situations wherein 2 1.m m¢ ¢<  It is seen that 
increasing 1m¢¢  effectively destroys this shelf of phase-
function values. As 1m¢¢  reaches 0.05, the phase 
functions at larger effective size parameters develop a 
very deep minimum at side-scattering angles bracketed 
by a strong diffraction peak in the forward direction 
and a relatively strong backscattering maximum. This 
effect is especially remarkable in the case of 
1 1.33m¢ =  and 2 1m¢ =  since outside the narrow 
Rayleigh region of effective size parameters, the 
corresponding phase functions computed for 1m¢¢  = 0, 
0.001, and 0.02 are almost completely featureless at 
backscattering and near-backscattering angles. The 
side-scattering minimum is especially deep in the case 
of 1 1,m¢ =  2 1.4,m¢ =  and 1 0.05m¢¢= , with phase-
function values dropping well below 10–5.   
5.  Concluding remarks  
The main objective of this paper has been to apply 
the FORTRAN program developed in Ref. [22] to a 
limited yet representative set of problems and thereby 
extend the analysis performed in Chapter 9 of Ref. [35] 
to the case of an absorbing host medium. Needless to 
say, although this extension has already yielded several 
interesting and unexpected results (such as the 
phenomenon of negative extinction and its complete 
disappearance upon averaging over a very narrow size 
distribution), further research and applications to 
specific practical problems are needed. The range of 
},{ 21 mm  combinations encountered in natural and 
artificial environments is quite wide, and it is 
imperative to investigate the effects of realistic rather 
than model values of absorption in the host medium. 
Another natural extension of our analysis is to apply 
the generalized first-principles radiative transfer theory 
developed in Refs. [36,37] to large sparse multi-
particle groups (i.e., clouds of particles) embedded in a 
lossy host medium.  
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